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============

The abstract problem in this paper is a class of mixed variational problems governed by two variational inequalities, with a bilinear function and functional which is convex and lower semicontinuous. Considering such kinds of variational problems sets the functional background in the study of elastic contact problems with unilateral constraints and nonmonotone interface laws. For very recent work, see \[[@CR1]--[@CR3]\]. Our results improve the results in \[[@CR4]--[@CR7]\], which consider a bilinear functional.

Let *X* be a Hilbert space, *Y* a reflexive Banach space and Λ be a nonempty, closed and convex subset *Y*. Let $\documentclass[12pt]{minimal}
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---------

Find $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(u,\lambda)\in X\times\Lambda$\end{document}$ such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& (Au,v-u)_{X}+B(v-u,\lambda)+\phi(v)-\phi(u)\ge(f,v-u)_{X}, \quad \forall v\in X, \end{aligned}$$ \end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& B(u-w,\mu-\lambda)\le0,\quad\forall\mu\in\Lambda. \end{aligned}$$ \end{document}$$

Recently, a lot of work was devoted to the modeling in contact mechanics. Weak formulations of contact problems involve the theory of variational inequalities and the theory of saddle-point problems; see e.g. \[[@CR7]--[@CR13]\]. The purpose of this paper is to investigate the weak solvability of a unilateral frictionless contact problem using a technique with dual Lagrange multipliers. The weak formulations with dual Lagrange multipliers allow one to write efficient algorithms in order to approximate the weak solutions. In the present work, the behavior of the materials is described by using the subdifferential of a proper, convex, lower semicontinuous functional and the contact is modeled with Signorini's condition with zero gap. The results extend and improve the results obtained in \[[@CR5], [@CR6]\], where a unilateral frictionless contact model for nonlinearly elastic materials is analyzed.

In this paper, by applying the saddle-point theory, we obtain the existence of solutions to the mixed variational problems. The main results are that Problem [1](#FPar1){ref-type="sec"} has a unique solution $\documentclass[12pt]{minimal}
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                \begin{document}$(u,\lambda)$\end{document}$ is Lipschitz continuous with respect to *f* and *ω*. Then we apply them to find that our model has a unique weak solution and the weak solution is Lipschitz continuous with respect to the data.

The rest of this paper is organized as follows. In Section [2](#Sec2){ref-type="sec"}, we will introduce some useful preliminaries and necessary materials. Section [3](#Sec3){ref-type="sec"} is devoted to proving the existence and uniqueness results. In the last section, we give some examples of friction contact problems to illustrate our main results.

Preliminaries {#Sec2}
=============

In this section, we will introduce some basic preliminaries which are used throughout this paper. Denote by $\documentclass[12pt]{minimal}
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Definition 2 {#FPar2}
------------
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We now recall some elements of convex analysis. For more details, we refer to \[[@CR10], [@CR14], [@CR15]\].

Definition 3 {#FPar3}
------------
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In this paper, we apply the following result to prove our existence result.

Theorem 4 {#FPar4}
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We also recall the following definition.

Definition 5 {#FPar5}
------------
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Lemma 6 {#FPar6}
-------

(\[[@CR16], [@CR17]\])
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Existence and uniqueness result {#Sec3}
===============================
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We will prove the following existence and uniqueness result.

Theorem 7 {#FPar7}
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Firstly, we give the following equivalence which can be deduced in the proof of Theorem 4 in \[[@CR6]\].

Lemma 8 {#FPar8}
-------

*Problem* [1](#FPar1){ref-type="sec"} *is equivalent to the following problem*:
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Lemma 10 {#FPar10}
--------

*The operator* *T* *has a unique fixed point*.

Proof {#FPar11}
-----
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We now have all the ingredients to provide the proof of the main result in this section.

Proof of Theorem [7](#FPar7){ref-type="sec"} {#FPar12}
--------------------------------------------
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The uniqueness of a solution to Problem [1](#FPar1){ref-type="sec"} is proved directly. Let $\documentclass[12pt]{minimal}
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Next, we consider some stability results.

Theorem 11 {#FPar13}
----------
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Proof {#FPar14}
-----
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Theorem 12 {#FPar15}
----------
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Proof {#FPar16}
-----
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Contact problems {#Sec4}
================

In this section, we consider some elastic frictional problems to illustrate our main results.
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The classical model for the process is as follows.

Problem 13 {#FPar17}
----------
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Now, we describe ([18](#Equ18){ref-type=""})--([23](#Equ23){ref-type=""}) in the following. Equation ([18](#Equ18){ref-type=""}) represents the elastic constitutive law. Equation ([19](#Equ19){ref-type=""}) is the equation of equilibrium, where $\documentclass[12pt]{minimal}
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In the rest of the paper we use standard notation for Lebesgue and Sobolev spaces and, in addition, we use the spaces *V* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{H}$\end{document}$ defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ V=\bigl\{ \boldsymbol {v}\in H^{1}\bigl(\Omega;\mathbb{R}^{d}\bigr)| \boldsymbol {v}=0 \textrm{ on } \Gamma _{1}\bigr\} ,\qquad \mathcal{H}=L^{2}\bigl( \Omega;\mathbb{S}^{d}\bigr). $$\end{document}$$ Here and below we still denote by ***v*** the trace of an element $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\boldsymbol {v}\in H^{1}(\Omega;\mathbb{R}^{d})$\end{document}$. The space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{H}$\end{document}$ will be endowed with the Hilbertian structure given by the inner product $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ (\boldsymbol {\sigma },\boldsymbol {\tau })_{\mathcal{H}}= \int_{\Omega}\sigma_{ij}(\boldsymbol {x})\tau _{ij}(\boldsymbol {x}) \,dx, $$\end{document}$$ and the associated norm $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|\cdot\|_{\mathcal{H}}$\end{document}$. On the space *V* we consider the inner product $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ (\boldsymbol {u},\boldsymbol {v})_{V}=\bigl(\boldsymbol {\varepsilon }(\boldsymbol {u}),\boldsymbol {\varepsilon }(\boldsymbol {v}) \bigr)_{\mathcal {H}},\quad \boldsymbol {u},\boldsymbol {v}\in V, $$\end{document}$$ and the associated norm $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|\cdot\|_{V}$\end{document}$. Recall that, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\operatorname{meas}(\Gamma_{1}) > 0$\end{document}$, it follows that *V* is a real Hilbert space. Moreover, by the Sobolev trace theorem, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \|\boldsymbol {v}_{\tau}\|_{L^{2}(\Gamma_{3};\mathbb{R}^{d})}=\|\gamma \boldsymbol {v}\| _{L^{2}(\Gamma_{3};\mathbb{R}^{d})}\leq\|\gamma \|\|\boldsymbol {v}\|_{V}\quad \textrm{for all } \boldsymbol {v}\in V, $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|\gamma\|$\end{document}$ is the norm of the trace operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\gamma :V\rightarrow L^{2}(\Gamma_{3};\mathbb{R}^{d})$\end{document}$.

In the study of Problem [13](#FPar17){ref-type="sec"} we assume that the following conditions hold: $$\documentclass[12pt]{minimal}
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Finally, we assume that the densities of body forces and surface tractions have the regularity $$\documentclass[12pt]{minimal}
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                \begin{document}$$ B(\boldsymbol {u},\boldsymbol {\mu })\leq \int_{\Gamma_{3}}\zeta|\gamma \boldsymbol {u}|\,dx,\quad \boldsymbol {\mu }\in\Lambda. $$\end{document}$$ Then, combining ([18](#Equ18){ref-type=""})--([23](#Equ23){ref-type=""}), from Problem 4.1 in \[[@CR5]\], Problem [13](#FPar17){ref-type="sec"} can be written as the following variational formulation:

Problem 14 {#FPar18}
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                \begin{document}$$\begin{gathered} (A\boldsymbol {u}, \boldsymbol {v}-\boldsymbol {u})_{U}+B(\boldsymbol {v}-\boldsymbol {u},\boldsymbol {\lambda })+\phi(\boldsymbol {v})-\phi(\boldsymbol {u}) = (\boldsymbol {f}, \boldsymbol {v}-\boldsymbol {u})_{U},\quad\forall \boldsymbol {v}\in U, \\ B(\boldsymbol {u},\boldsymbol {\mu }-\boldsymbol {\lambda })\leq0,\quad\forall \boldsymbol {\mu }\in\Lambda.\end{gathered} $$\end{document}$$

Now, we give the following existence, uniqueness and dependence results.

Theorem 15 {#FPar19}
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Proof {#FPar20}
-----

The proof is analogous to Theorem 6.1 in \[[@CR5]\]. From ([24](#Equ24){ref-type=""}) and ([25](#Equ25){ref-type=""}), it is easy to verify that ([3](#Equ3){ref-type=""}) and ([5](#Equ5){ref-type=""}) hold. Then, by applying Theorem [7](#FPar7){ref-type="sec"} and Theorem [11](#FPar13){ref-type="sec"}, we can obtain the results. □

Problem 16 {#FPar21}
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                \begin{document}$$\begin{aligned}[b] &\boldsymbol {\sigma }=\mathcal{A}\bigl(\boldsymbol {\varepsilon }(\boldsymbol {u})\bigr) \mbox{ in } \Omega, \\ &\operatorname{Div} \boldsymbol {\sigma }+ \boldsymbol {f}_{0} =0 \mbox{ in } \Omega, \\ &\boldsymbol {u}= \textbf{0} \mbox{ on } \Gamma_{1}, \\ &\boldsymbol {\sigma }\boldsymbol {\nu }=\boldsymbol {f}_{2} \mbox{ on } \Gamma_{2}, \\ &\boldsymbol {\sigma }_{\tau}=0,\qquad u_{\nu}\le0,\qquad\sigma_{\nu}+ \eta\leq0,\qquad u_{\nu }(\sigma_{\nu}+\eta)=0, \qquad\eta\in\partial\phi( u_{\nu}) \mbox{ on } \Gamma_{3}.\end{aligned} $$\end{document}$$
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Problem 17 {#FPar22}
----------
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                \begin{document}$$\begin{gathered} (A\boldsymbol {u}, \boldsymbol {v}-\boldsymbol {u})_{V}+B(\boldsymbol {\lambda },\boldsymbol {v}-\boldsymbol {u})+\phi(\boldsymbol {v})-\phi(\boldsymbol {u}) = (\boldsymbol {f}, \boldsymbol {v}-\boldsymbol {u})_{V},\quad\forall \boldsymbol {v}\in V, \\ B(\boldsymbol {u},\boldsymbol {\mu }-\boldsymbol {\lambda })\leq0,\quad\forall \boldsymbol {\mu }\in\Lambda.\end{gathered} $$\end{document}$$

We have the following result which is analogous to Theorem 6.2 in \[[@CR5]\] and Theorem [15](#FPar19){ref-type="sec"}.

Theorem 18 {#FPar23}
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Problem 19 {#FPar24}
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                \begin{document}$$\begin{aligned}[b] &\boldsymbol {\sigma }=\mathcal{A}\bigl(\boldsymbol {\varepsilon }(\boldsymbol {u})\bigr) \mbox{ in } \Omega, \\ &\operatorname{Div} \boldsymbol {\sigma }+ \boldsymbol {f}_{0} =0 \mbox{ in } \Omega, \\ &\boldsymbol {u}= \textbf{0} \mbox{ on } \Gamma_{1}, \\ &\boldsymbol {\sigma }\boldsymbol {\nu }=\boldsymbol {f}_{2} \mbox{ on } \Gamma_{2}, \\ &\begin{gathered} \boldsymbol {\sigma }_{\tau}=0,\qquad u_{\nu}\le g,\qquad\sigma_{\nu}+ \eta\leq0,\\ (u_{\nu }-g) (\sigma_{\nu}+\eta)=0, \qquad\eta\in\partial \phi( u_{\nu}) \mbox{ on } \Gamma_{3}.\end{gathered}\end{aligned} $$\end{document}$$
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We keep ([32](#Equ32){ref-type=""}) and ([33](#Equ33){ref-type=""}). We assume that there exists $\documentclass[12pt]{minimal}
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Then from ([35](#Equ35){ref-type=""}) it follows that $$\documentclass[12pt]{minimal}
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Problem 20 {#FPar25}
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We have the following result which is analogous to Theorem 6.3 in \[[@CR5]\] and Theorem [15](#FPar19){ref-type="sec"}.

Theorem 21 {#FPar26}
----------

*Assume that* ([24](#Equ24){ref-type=""}) *is satisfied*. *Then Problem* [20](#FPar25){ref-type="sec"} *has a unique solution* $\documentclass[12pt]{minimal}
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Conclusion {#Sec5}
==========

In this paper, we study a class of mixed variational problems governed by two variational inequalities with dual Lagrange multipliers. We prove the existence and uniqueness of solution to the mixed variational problem and apply it to obtain the solutions to some frictional contact problems whose weak formulation can be transferred to the mixed variational problem. We point out that considering such kinds of mixed variational problems sets the functional background in the study of many frictional contact problems. To conclude, our results improve many results with bilinear cases and can be further studied.

Appendix {#Sec6}
========

We will show the solvability of Problem [9](#FPar9){ref-type="sec"} by using saddle-point theory with the functional $\documentclass[12pt]{minimal}
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Lemma 22 {#FPar27}
--------

*Problem* [9](#FPar9){ref-type="sec"} *has a solution* $\documentclass[12pt]{minimal}
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